On the fibration of augmented link complements by Girão, Darlan
ON THE FIBRATION OF AUGMENTED LINK
COMPLEMENTS
DARLAN GIRA˜O
Abstract. We study the fibration of augmented link comple-
ments. Given the diagram of an augmented link we associate a
spanning surface and a graph. We then show that this surface is
a fiber for the link complement if and only if the associated graph
is a tree. We further show that fibration is preserved under Dehn
filling on certain components of these links. This last result is then
used to prove that within a very large class of links, called locally
alternating augmented links, every link is fibered.
1. Introduction
Let K be an oriented link in S3. By a Seifert surface S we mean an
orientable spanning surface for K, i.e., ∂S = K and the orientation of
S agrees with that of K. It is known that every oriented link has a
Seifert surface (see for instance [17]). We say the link K is fibered if
S3−K has the structure of a surface bundle over the circle, i.e., if there
exists a Seifert surface S such that S3−K ∼= (S × [0, 1])/φ, where φ is
a homeomorphism of S. In this case we abuse terminology and say S
is a fiber for K.
The study of the fibration of link complements has been an active
line of research in low dimensional topology. In [11] Harer showed how
to construct all fibered knots and links. However, deciding whether or
not a link K is fibered is in general a very hard problem. Stallings [18]
proved that a link K is fibered if and only if pi1(S
3 − K) contains a
finitely generated normal subgroup whose quotient is Z. Stallings’ re-
sult is very general, but hard to verify, even if we restrict to particular
families of links. In the early 60’s Murasugi [14] proved that an alter-
nating link is fibered if and only if its reduced Alexander polynomial
is monic. In [8] Gabai proved that if a Seifert surface S can be decom-
posed as the Murasugi sum of surfaces S1, ..., Sn, then S is a fiber if and
only if each of the surfaces Si is a fiber (refer to theorem 4). Melvin and
Morton [13] studied the fibration of genus 2 knots. Goodman–Tavares
[10] showed that under simple conditions imposed on certain spanning
surfaces, it is possible to decide whether or not these surfaces are fibers
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for pretzel links. Their method is very algebraic and relies on Stallings’
work [18]. Very recently Futer–Kalfagianni–Purcell ([6], theorem 5.11)
introduced a new method for deciding whether or not a given spanning
surface is fiber for a link K. From a diagram of the link they construct
an associated surface (called the A-state surface) and a certain graph.
They show that this surface is a fiber if and only if the corresponding
graph is a tree. Later, Futer [4] extended this result to a larger class
of links (homogeneous links) using combinatorial arguments.
In this paper we will be mainly concerned with the fibration of three
classes of links: augmented links, locally alternating augmented links,
and links obtained from augmented links by Dehn filling on certain
components. Given the diagram of an augmented link we associate a
spanning surface and a graph. We then show that this surface is a fiber
for the link complement if and only if the associated graph is a tree.
We also show that when this is the case, then Dehn filling on certain
components of these links produces fibered manifolds. This last result
is then used to show that every locally alternating augmented link is
fibered, and explicitly exhibit their fibers. A relevant remark here is
that the surfaces and graphs we consider are very different from those
in [6] and [4]. It is also interesting to observe that we obtain the same
type of results: a link complement is fibered if and only if an associated
graph is a tree.
The relevance of studying augmented links is that they have played
a central role in several recent developments in 3-manifold topology.
Lackenby and Agol–Thurston [12] used them to estimate volumes of
alternating link complements. Futer–Kalfagianni–Purcell [5] used them
to obtain diagrammatic volume estimates of many knots and links.
Futer–Purcell [7] also used them to prove that if K is a link with
a twist-reduced diagram with at least 4 twist regions and at least 6
crossings per twist region, then every non-trivial Dehn filling on K is
hyperbolic. Their combinatorial argument further implies that every
link with at least 2 twist regions and at least 6 crossings per twist region
is hyperbolic and gives a lower bound for the genus of K. Cheesebro–
DeBlois–Wilton [3] proved that hyperbolic augmented links satisfy the
virtual fibering conjecture.
We next define the classes we will be working with and state the
main results.
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2. Augmented links, locally alternating augmented links
and main results
The notion of augmented links was first introduced by Adams [1]
and further explored by Futer–Kalfagianni–Purcell [5], Futer–Purcell
[7] and Purcell [16]. We recall it here. For more details see the very
nice survey paper on augmented links by Purcell [15].
Let K be a link in S3 with diagram D(K). Regard D(K) as a 4-
valent graph in the plane. A bigon region is a complementary region
of the graph having two vertices in its boundary. A string of bigon
regions of the complement of this graph arranged end to end is called
a twist region. A vertex adjacent to no bigons will also be a twist
region. Encircle each twist region with a single unknotted component,
called a crossing circle, obtaining a link J . S3 − J is homeomorphic
to the complement of the link L obtained from J by removing all full
twists from each twist region. The link L is called the augmented link
associated to D(K). The original link complement can be obtained
from the link L by performing 1/n-Dehn filling on the crossing circles,
for appropriate choices of n.
Figure 1. (a) Initial link K; (b) link J obtained by
adding crossing circles; (c) augmented link L; (d) corre-
sponding flat augmented link.
When all the twist regions in the diagramD(K) have an even number
of crossings, then all non-crossing circle components of the augmented
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link L will be embedded in the projection plane. We call these links
flat augmented links.
Given the diagram of a flat augmented link L we construct a Seifert
surface SL, called standard Seifert surface, and a graph GB(L) (this
will be done in section 4). We now state our main results.
Theorem 1. Let L be a flat augmented link. Then the standard Seifert
surface SL is a fiber if and only if the graph GB(L) is a tree.
Performing ±1 Dehn filling on crossing circle components of links as
above yield new ones which are again fibered.
Theorem 2. Let L be an flat augmented link such that the graph GB(L)
is a tree. Then ±1 Dehn filling on crossing circle components yields a
fibered link K.
Given a flat augmented link L, one can construct a corresponding
locally alternating augmented link La as follows: in each crossing circle
change two of the crossings so that the crossings in the crossing circles
are alternating. This is described in Figure 2. Note that the resulting
link need not to be alternating.
Figure 2. Left: Pairs of crossings yielding locally alter-
nating link; Right: Seifert surface for resulting link.
We later show that every locally alternating augmented link La can
be obtained from ±1 filling on the crossing circles of a flat augmented
link L˜ such that GB(L˜) is a tree. This implies
Theorem 3. Let La be a locally alternating augmented link obtained
from a flat augmented link L with a connected diagram. Then La fibers.
Remark 1. We remark that our methods and the surfaces and graphs
we construct are very different from those in [6] or even [4]. However,
it is very interesting that we are obtaining the same type of results: a
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manifold fibers given that a certain associated graph is a tree. We also
note that very often fibration of the links considered here cannot be
detected from their construction but is detected by ours (examples for
the converse can also be exhibited).
The remainder of the paper is organized as follows: in section 3
we we recall the notion of Murasugi sum. This will be used in the
decomposition of the standard surface. In section 4 we set up the
terminology of standard surface and of the graph GB(L) needed for
the remainder of the paper. In section 5 we prove theorem 1. In
section 6 we prove theorem 2 . Finally, in section 7 we use theorem 2
to prove theorem 3.
3. Murasugi Sum
In this section we recall the notion of Murasugi sum ([9] and [14]).
Definition 1. We say that the oriented surface T in S3 is with bound-
ary L is the Murasugi sum of the two oriented surfaces T1 and T2 with
boundaries L1 and L2 if there exists a 2-sphere S in S
3 bounding balls
B1 and B2 with Ti ⊂ Bi for i = 1, 2, such that T = T1 ∪ T2 and
T1 ∩ T2 = D where D is a 2n-sided disk contained in S (see Figure 3).
Figure 3. Murasugi sum of two Hopf bands
The result concerning Murasugi sum we need is the following, due
to Gabai [8].
Theorem 4 (Gabai). Let T ⊂ S3, with ∂T = L, be a Murasugi sum
of oriented surfaces Ti ⊂ S3, with ∂Ti = Li, for i = 1, 2. Then S3 − L
is fibered with fiber T if and only if S3 − Li is fibered with fiber Ti for
i = 1, 2.
Remark 2. We abuse notation by saying that L is the Murasugi sum
of L1 and L2.
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4. Set up
The augmented links we consider are flat, i.e., there are no twists
adjacent to crossing circles. Our goal is to find a condition under
which such links fiber. Recall that Stallings [18] provided a method
for checking whether or not a given Seifert surface is a fiber for the
complement of an oriented link.
Theorem 5 (Stallings). Let T ⊂ S3 be a compact, connected, oriented
surface with nonempty boundary ∂T . Let T× [−1, 1] be a regular neigh-
borhood of T and let T+ = T × {1} ⊂ S3 − T . Let f = ϕ|T , where
ϕ : T × [−1, 1] −→ T+ is the projection map. Then T is a fiber for the
link ∂T if and only if the induced map f∗ : pi1(T ) −→ pi1(S3 − T ) is an
isomorphism.
Consider the diagram of L as a planar graph. This graph divides
the plane into regions which are checkerboard colored. The unbounded
region is colored white and the other regions are colored accordingly.
Black regions correspond to a Seifert surface, called standard surface,
which induces an orientation on the link L. This surface will be denoted
SL. There are three types of white regions:
Type A regions, bounded by crossing circles that bound two
white regions;
Type B regions, bounded by crossing circles that bound a
single white region;
Type C regions, not bounded by crossing circles.
+ +
-
-
-
Figure 4. Standard Seifert surface for augmented link
and corresponding white regions determined by the dia-
gram
Note that type A regions come in pairs. We will the denote the
above regions by A11, A12, A21, A22, ..., Ap1, Ap2, B1, ..., Bq, C1, ..., Cr re-
spectively. We denote the unbounded white region by C0.
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A crossing circle bounding a type B region Bi will be called a B-
circle, also denoted by Bi. Note that given the diagram for L, as
described above, there will be two type C regions adjacent to each
B-circle. A crossing circle bounding a pair of type A regions Ai1, Ai2
will be called a A-circle and denoted by Ai. Note that there will be
two type C regions adjacent to each A-circle. Let GB(L) be the graph
obtained from the diagram of L as follows (see figure 5).
Vertices are type C regions;
An edge joins Ci and Cj if there is a B-circle adjacent to them.
Figure 5. Left: Graph GB(L) associated to the stan-
dard surface is a tree; Right: GB(L) is disconnected.
The standard surface SL can be obtained as the Murasugi sum of
a surface SL′ and a collection of Hopf bands. We can remove each
A-circle in the diagram by deplumbing (i.e., undoing Murasugi sum)
a pair of Hopf bands. This is described in figure 6. Applying this
procedure to every A-circle we obtain a new augmented link L′, with
standard surface SL′ . This decomposition will be used in the proof of
theorem 1.
5. Proof of theorem 1
Theorem 1. Let L be a flat augmented link. Then the standard Seifert
surface SL is a fiber if and only if the graph GB(L) is a tree.
The standard surface SL is obtained as the Murasugi sum of a collec-
tion of Hopf bands together with the surface SL′ . Each of these Hopf
bands is a fiber for the complement of their boundary Hopf links. The
link L′ is the boundary of SL′ . L′ is itself a flat augmented link in
which all crossing circles are B-circles. The surface SL′ is two-sided
(i.e., orientable): from above the diagram we see the “−”side of the
surface on the black regions bounded by B-circles. The other black
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= +
= =
Figure 6. Decomposing a pair of Hopf bands for each
A-circle.
regions represent the “+”side. We use this orientation throughout the
paper.
Observe that, by construction, GB(L) = GB(L
′). In view of Theorem
4 we need to find conditions under which the surface SL′ is a fiber for
the link L′. This is given by the following.
Lemma 6. The oriented link L′ fibers with fiber SL′ if and only if its
associated graph GB(L
′) is a tree.
This lemma concludes the proof of Theorem 1.
Figure 7. Surfaces SL′ obtained from the standard sur-
faces in figure 5
.
We now proceed to prove the lemma.
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Proof. First observe that the link L′ is itself a flat augmented link,
obtained from L by decomposing a pair of Hopf bands for each A-
circle. The diagram of L′ divides the plane into type B and type C
regions.
Observe also that the fundamental group of the surface SL′ is free.
Let B1, ..., Bq and C1, ..., Cr be the type B and C regions given by
the diagram of L′. A generating set for pi1(SL′) is given as follows.
Consider simple closed curves on SL′ around these regions. They are
labeled αb1 , ...αbq , αc1 , ..., αcr and are oriented in the counter-clockwise
direction. Now choose a base point a ∈ SL′ in such a way that, when
seen from above the projecting plane, it lies in the “+”side of SL′ .
Finally, add arcs hb1 , ..., hbq , hc1 , ..., hcr from a to each of the curves
above. This gives loops βbi = hbiαbih
−1
bi
, βcj = hcjαcjh
−1
cj
based at a.
This set of based loops corresponds to a generating set for pi1(SL′).
These generators will be denoted by ub1 , ..., ubq , uc1 , ..., ucr .
The fundamental group of the complement S3− SL′ is also free. We
now describe a generating set for this group. As before, let C0 denote
the unbounded white region determined by the diagram of L′. Let Bi
denote a white region determined by a B circle and let γbi ⊂ S3 − SL′
be a semicircle with one endpoint in C0 and the other in Bi, lying
under the projecting plane. Associated to each B region we construct
a simple closed curve by connecting the endpoints of the arc γbi to
the point f(a) by straight line segments. Here, a is the base point
for pi1(SL′) and f : SL′ −→ S3 − SL′ is described in theorem 5. Each
of these curves is oriented so that, starting at f(a), we move along
the line segment connecting f(a) to the endpoint of γbi in Bi, then
move along γbi to the second endpoint and then back to f(a) through
the second line segment. Make a similar construction for each type C
region. We have built loops with base point f(a) corresponding to a
set of generators for pi1(S
3 − SL′). These generators are denoted by
xb1 , ..., xbq , xc1 , ..., xcr , according to the type of region they cross.
We can now describe the induced map f∗ in terms of these genera-
tors. If β is a loop in SL′ based at a then f(β) is a loop in S
3 − SL′
based at f(a). If u ∈ pi1(SL′) represents the homotopy class of β,
then f∗(u) is an element in pi1(S3 − SL′) given as a word in the letters
xb1 , ..., xbq , xc1 , ..., xcr as follows: start at f(a) and move along f(β). If it
crosses a white region other than C0 from above to below the projecting
plane, we write the corresponding letter x ∈ {xb1 , ..., xbq , xc1 , ..., xcr}.
If it crosses the white region from below to above the projecting plane,
we write the letter x−1. If it crosses C0 we do not write any letters.
Going around f(β) once gives the desired word.
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Now let βb1 , ..., βbq , βc1 , ..., βcr be the based loops corresponding to the
generators of pi1(SL′) as above. They were given by βbi = hbiαbih
−1
bi
,
βcj = hcjαcjh
−1
cj
.
Let Bi, Cn, Cm be white regions, Cn, Cm adjacent to the B-circle Bi,
as in figure 8. The loops in figure 8 (left) represent the simple closed
curves in SL′ around these regions. There, we indicate the correspond-
ing generators of pi1(SL′). Their images under f∗ are given by ubi 7→ gbixcmx
−1
cn g
−1
bi
ucm 7→ gcmxbix−1cmwmg−1cm , wm is a word without the letter xbi ;
ucn 7→ gcnxcnx−1bi wng−1cn , wn is a word without the letter xbi .

Here gbi , gcj are the words we get in the letters {xb1 , ..., xbq , xc1 , ..., xcr}
by moving along the arcs hbi , hcj respectively. Thus, up to conjugation,
we get
(1)
 ubi 7→ xcmx
−1
cn
ucm 7→ xbix−1cmwm, wm is a word without the letter xbi ;
ucn 7→ xcnx−1bi wn, wn is a word without the letter xbi .

Remark 3.
(a) If a B-circle is adjacent to the unbounded region C0 and another
region Cm, then, up to conjugation, we have ubi 7→ x±1cm .
(b) We may assume the words wm, wn do not have the letter xbi .
If they did, this would imply the simple closed curves αcm , αcn
around Cm and Cn are the same curve, which would mean Cm
and Cn represent the same region. In this case the circle Bi
would not be linked to the other components of L′, i.e., L′
would be a split link, which is not fibered.
The strategy now is as follows: by theorem 5 SL′ is a fiber if and only
if the map f∗ : pi1(SL′) −→ pi1(S3 − SL′) is an isomorphism. We show
that if GB(L
′) is not a tree then the map induced by f∗ on homology
is not an isomorphism. Therefore f∗ cannot be isomorphism. When
GB(L
′) is a tree we prove that f∗ is surjective. Since free groups have
the Hopfian property, it follows that f∗ is an isomorphism.
First assume GB(L
′) is not a tree
Consider the map f¯∗ : H1(SL′) −→ H1(S3 − SL′) induced on homol-
ogy by f∗. Denote by u¯b1 , ..., u¯bq , u¯c1 , ..., u¯cr the generators of H1(SL′),
corresponding to the above generators of pi1(SL′). The generators of
H1(S
3−SL′) are constructed similarly and denoted x¯b1 , ..., x¯bq , x¯c1 , ..., x¯cr .
Case 1. GB(L
′) has two or more connected components :
Let C1, ..., Cn+1 represent the vertices of a component not containing
the vertex C0. Let β ⊂ SL′ be a simple closed curve around the regions
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Figure 8. Left: Loops around white regions corre-
sponding to generators ubi , ucm and ucn ; Right: Their
images under f .
C1, ..., Cn+1. This loop is obviously non-trivial in SL′ . Moreover, the
corresponding element u¯ ∈ H1(SL′) is also non-trivial. However we see
that f(β) is a trivial loop in S3−SL′ and therefore f¯∗(u¯) ∈ H1(S3−SL′)
is trivial.
Case 2. GB(L
′) contains a non-trivial loop: Let C1, ..., Cn, Cn+1 =
C1 represent the vertices and B1, ..., Bn the edges of this loop. In (1)
above we have expressions for f∗ up to conjugation. Therefore, at the
level of homology, we have
f¯∗(u¯bi) = −x¯ci + x¯ci+1
and thus
f¯∗(u¯b1 + · · ·+ u¯bn) = (−x¯c1 + x¯c2) + · · ·+ (−x¯cn + x¯c1) = 0
The same argument holds if the loop contains the vertex corresponding
to C0.
Suppose now GB(L
′) is a tree. In this case note that there is only
one “+”region seen from above the projecting plane. We take the base
point a ∈ SL′ lying in this region. This choice of base point allows us
to choose the arcs hbi , hcj in SL′ joining a to the simple closed curves
around the white regions in such a way that all these arcs lie in the
“+”region of SL′ . In this situation, the expressions in (1) give the
actual images under f∗ of the generators of pi1(SL′). We now show f∗
is surjective.
Step 1.
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Let C0 be the initial vertex and let C1, ..., Ck be the vertices con-
nected to C0 by edges represented by the B-circles B1, ..., Bk. We have
ubi 7→ x±1ci
Thus xci is the image of either ubi or u
−1
bi
.
Step 2.
Let C11, ..., C1k1 be connected to C1 by edges B11, ..., B1k1 . Note that,
since GB(L
′) is a tree, C1i 6= Cj for i = 1, ..., k1 and j = 0, ..., k. We
thus have
ub1j 7→ x±1c1 x∓1c1j
And hence
u∓1b1 ub1j 7→ x∓1c1j
This determines preimages for xc1i in terms of ub1i and ub1 .
Step 3.
Repeat Step 2 for C2, ..., Ck. These Ci’s are the ones defined in Step
1. This determines preimages for xcji in terms of ubji and ubj .
Step 4.
Inductively find preimages for all the x′cs in terms of the u
′
bs. Note
that, for this step to work, it is necessary that GB(L
′) is a tree.
Now we need to find preimages for the xb’s.
Step 5.
From
ucm 7→ x−1cmxbiwm, wm word without the xbi letter
ucn 7→ xcnx−1bi wn, wn word without the xbi letter
we show how to obtain the xb’s as images of ub’s and uc’s.
Since GB(L
′) is a tree, each C-region corresponding to a terminal
vertex is adjacent to a single B-circle. Suppose Cm is such a region. In
this case we have ucm 7→ x−1cmxbi and thus we obtain xbi as the image
of a word in the letters u′bs and u
′
cs (and their inverses). Repeat this
process for all the terminal vertices. Inductively we can find all the
xb’s as the image of a word in the letters ub’s and uc’s. 
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Figure 9. Left: Original link; Center: ±1 filling on
crossing circles; Right: Standard Seifert surface for re-
sulting link.
6. Dehn filling on crossing circles
In this section we prove
Theorem 2. Let L be an flat augmented link such that the graph GB(L)
is a tree. Then ±1 Dehn filling on crossing circle components yields a
fibered link K.
Proof. ±1 filling on a A-circles yields a fibered link. To see this consider
the link L′ constructed as in the last section. Recall that when L fibers
with fiber SL, then L
′ fibers with fiber SL′ . A-circles in L correspond
to the Murasugi sum of two Hopf bands with L′. It should be easy to
see that ±1 filling on a A-circle corresponds to the sum of a single Hopf
band (see figure 9). Therefore, by theorem 4, the statement is true for
filling on A-circles.
The proof of the statement for B-circles is similar to the proof that
SL′ is a fiber for L
′. Let K ′ be the link obtained from L′ by performing
±1 Dehn filling on the B-circles. We consider the standard Seifert
surface SK′ obtained from the Seifert algorithm applied to the link K
′
(see Figure 10). This surface is the surface obtained by checkerboard
coloring the regions determined by the diagram of K ′ in the projecting
plane (this is a 4-valent diagram). We now describe the map f∗ :
pi1(SK′) −→ pi1(S3 − SK′). First we introduce some conventions. We
may consider the simple closed curves around white regions of SK′ ,
oriented counter-clockwise. As before, since GB(L) is a tree, we only
see a single “+”region on SK′ . Take a base point a ∈ S ′K in this region
and add an arc from this base point to each of the simple closed curves.
We have built a set of based loops corresponding to generators for
pi1(SK′). Denote this set by {uc}. Similar to the construction in section
5, we have a corresponding set of generators {xc} for pi1(S3−SK′). We
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see that we may associate to SK′ a tree GB(K
′) identical to GB(L′).
Vertices correspond to white regions and two vertices are joined by an
edge if they are adjacent to a pair of crossings obtained by filling on a B-
circle (see Figure 10). The node of the tree is the vertex corresponding
to the unbounded region C0. We say this vertex is at level 0. Let
C11, ...C1s be the vertices adjacent to C0. We say these edges are at
level 1. Recursively define vertices at higher levels. f∗ is described as
follows:
Figure 10. Left: link L′; Right: K ′ and its standard
Seifert surface.
1. For a terminal vertex, say Cm, on GB(K
′) we have: ucm 7→ w =
xcmx
−1
cm−1 or ucm 7→ w′ = xcm−1x−1cm , where Cm−1 is the vertex
one level lower than Cm and adjacent to it.
2. Let C1 be a vertex at level 1 (adjacent to C0). Suppose C1 is
also a terminal vertex. We have uc1 7→ x±1c1 .
2’. If C1 is not a terminal vertex, let C21, · · · , C2s be the vertices
at level 2 adjacent to it. We have uc1 7→ x±1c1 w1w2 · · ·ws, where
the wi are of one the forms wi = xc2ix
−1
c1
or wi = xc1x
−1
c2i
.
3. An intermediate vertex (not a terminal vertex nor adjacent to
C0) Ck−1, say at level k−1, is adjacent to vertices Ck1, · · · , Cks
at level k and to a single vertex Ck−2 at level k − 2. We have
uck−1 7→ (xck−1x−1ck−2)±1w1w2 · · ·ws, where the wi are of one the
forms wi = xck−1x
−1
cki
or wi = xckix
−1
ck−1 .
The set of generators for the free group pi1(SK′) is {ucij} and the
set of generators for pi1(S
3 − SK′) is {xcij}. Note that f∗ maps the set
{ucij}c to {yij}, where yij is a word on the letters xcij . Given the tree
structure on GB(K
′) and the description of f∗ above, it is not very
hard to see how to obtain {yij} from {xcij}c by a sequence of Nielsen
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transformations (see example below): start at a terminal vertex Cm and
replace xcm by ym, where ym = xcmx
−1
cm−1 or ym = xcm−1x
−1
cm . Repeat this
for all terminal vertices. Using the description of f∗ as above and an
inductive argument (part 3 in the description of f∗ above) we see how to
obtain all the yij by a sequence of Nielsen transformations. Therefore
the map f∗ : pi1(SK′) −→ pi1(S3 − SK′) is an isomorphism. 
Example 1. For the example in Figure 10 we have:
uc11 7→ xc11 , uc12 7→ xc12xc2x−1c12 , uc2 7→ xc12x−1c2
and the sequence of Nielsen transformations is given by
xc11 7→ xc11 7→ xc11
xc12 7→ xc12 7→ xc12(xc12x−1c2 )−1
xc2 7→ xc12x−1c2 7→ xc12x−1c2
7. Locally alternating augmented links
Given a flat augmented link L, we construct a corresponding locally
alternating augmented link La as described in section 2 (see Figure
2). Regarding the fibration of the oriented link La, we get a stronger
statement.
Theorem 3. Let La be a locally alternating augmented link obtained
from a flat augmented link L with a connected diagram. Then La fibers.
This theorem follows immediately from
Lemma 7. Let La be a locally alternating augmented link obtained from
a flat augmented link L with a connected diagram. Then La is obtained
from ±1 Dehn filling on the crossing circles of a flat augmented link L˜
such that GB(L˜) is a tree.
Proof. Just as for L, construct the standard Seifert surface for La, as
well as the corresponding graph GB(La). Given La, suppose GB(La) is
not a tree.
Step 1. Eliminate nontrivial loops in GB(La) :
Choose a loop γ in GB(La) and an edge e on this loop (a B-circle on
La) connecting vertices v1, v2 corresponding to regions C1, C2. Figure
11 shows how to obtain La from ±1 filling on a A-circle of a new link
La1. The relationship between GB(La) and GB(La1) is that GB(La1) is
obtained from GB(La) by adding a new vertex v3 in the interior of e
and breaking the loop γ at v3.
Step 2. Join disconnected components of GB(La):
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=
Figure 11. Removing the loop γ from GB(La).
Consider two vertices v1, v2 on GB(La) not in the same component
but such that their corresponding C-regions C1, C2 are adjacent to a
A-circle. Figure 12 shows how to obtain La from ±1 filling on a B-circle
of a new link La2. The relationship here is that GB(La2) is obtained
from GB(La) by joining v1, v2 by a new edge e.
=
Figure 12. Joining vertices v1 and v2.
Step 3.
Repeat the steps above, as needed, until we obtain a link L˜0 such that
GB(L˜0) is a tree. Note that some of its crossing circles are alternating
and some are not. La is obtained from L˜0 by a sequence of ±1 fillings
on its flat crossing circles (these ones are the ones introduced in the
steps above).
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The conclusion now follows from the observation that alternating
crossing circles can be obtained from ±1 filling on a pair of flat cross-
ing circles, as described in Figure 13. The desired link L˜ is the link
obtained from L˜0 by replacing alternating crossing circles by a pair of
non-alternating ones. Note that since GB(L˜0) is a tree, GB(L˜) is also
a tree. 
Figure 13. Obtaining alternating crossing circles from
fillings on non-alternating ones.
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